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Analysis of Interference Fit Pin Joints Subjected
to Bearing Bypass Loads

T. S. Ramamurthy*
Wright Research and Development Center, MLBM, Wright Patterson Air Force Base, Ohio 45433

In advanced engineering fields such as aerospace engineering, composites are finding increasing applications
because of their high strength/weight ratios. Pin joints are unavoidable in complex structures. With splice joints
in spars, buklheads etc., multiple pin/rivet connections are used. Accurate analyses of stresses around pins in
such situations will assist the designer to a great extent. The pins are metallic and are generally stiffer than the
composites. For the purpose of analysis, the composite plate is treated as an orthotropic laminate and the pin
as a rigid circular disc, and a two-dimensional linear elasticity theory is used. The geometry considered is that
of a rectangular plate with a single circular pin on one of the middie lines subjected to different loads uniformly
distributed stresses on two opposite sides. This is representative of a pin under the classical bearing bypass
loading. In this paper an analysis of this configuration accounting for the proper pin/plate interface conditions
is developed. The results highlight the nonlinear behavior of such a joint with load magunitude(s). A quadratic
stress criterion is applied to evaluate the critical loadings and the corresponding strength envelopes are
generated. The effect of interference fit parameter on these envelopes is estimated.

Introduction

N advanced engineering fields such as aerospace engineer-

ing, composites are finding increasing application because
of their high strength/weight and/or stiffness/weight ratios.
Joints are unavoidable stress risers used in practical structures.
Pin joints are very commonly used in many situations. In
general the pin radius and the hole radius are not matched
exactly, sometimes due to intentional clearance/interference
fits and mostly due to manufacturing variations/tolerances.
This misfit is defined by a parameter N which relates the hole
radius @ and the pin radius a, as

a, = a(l + N (¢))]

In all cases where the pin is unbonded, the pin/plate interface
exhibits a partial contact or separation behavior.'-®* When A is
nonzero, this partial contact is a nonlinear function of the
loading magnitude.*!! In this paper this nonlinear behavior of
an interference fit pin under bearing bypass loading is studied.

The importance of pin connections in composites is evident
from the number of specialists meetings held'>'* in the recent
times, the number of scientific workers engaged in this field,
and the prolific literature that is being published. The problem
of bypass loading on the pin was analyzed by many work-
ers.*'*17 The methods of analyses of pin joints may be
grouped as continuum functions,’'® series type solu-
tions,***7¥5 or numerical techniques such as finite element
methods. 0411151720 The solution techniques may further be
categorized as direct or inverse methods. In the direct method,
the solution is sought for a specified load level. Since for a
given load, the pin/plate interface conditions are a priori
unknown, one of the following two procedures is followed,
viz. 1) an approximate boundary condition assumption or 2)
iterative solution for the satisfaction of the proper boundary
condition. In the former the extent of contact between the pin
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and the plate is assumed to be over a semicircular arc, and the
effect of the contact load is represented by a cosinusoidal
radial pressure on the hole boundary®!82° or equivalent radial
displacement.'® In the iterative methods, the boundary condi-
tions are continuously modified until the convergence is ob-
tained.®!"1%.2% I the 1970s a new method of solving this class
of problems in isotropic plates was proposed by Rao® and he
called it the ‘‘Inverse Technique.”’ In this method a feasible
pattern of contact/separation is initially specified from physi-
cal and symmetry. conditions and the magnitude of the loading
is sought from the elasticity solution. This method was later
extended to orthotropic materials and to finite element tech-
niques by Rao’s colleagues including the current author.®!¢
Mangalgiri et al. developed a series of type solutions for an
infinite isotropic plate with a central rigid pin subjected to
both pin and plate loads and showed the existence of two
different separation zones. Crews and Naik'® have developed
a finite element solution by inverse technique for a bypass load
in a finite plate. They have assumed a constant bypass ratio
and provided for one load magnitude for a specified contact
angle. In the present paper, two separation zones are indepen-
dently specified. Exploiting the symmetry of the geometry and
the loading only one-half of the plate need be analyzed. In the
region of analysis, there will be two locations which separate
the contact and separation regions. The magnitudes of the two
loads on the opposite sides of the plate are treated as depen-
dent variables of the problem. These are solved by extending
the method of inverse technique of Rao et al.? developed for
one location of transition for the case of multiple (in the
present case two) transition points. We now describe this
method and present some of the new results.

Problem Definition

A typical interior pin-plate region of multiple pin/rivet con-
nection between two components under general loading could
be represented by a rectangular plate with a central pin under
two different loads on the plate edges (see Fig. la). An end
pin/rivet could be represented by a rectangular plate with an
eccentric pin (see Fig. 1b). The composite plate is idealized as
an orthotropic laminate, and its elastic constants are evaluated
using the classical lamination theory.?! These properties are
E,, E-, G,», and »,>. For extracting the essential features of the
problem with economical etfort, the pin is treated as rigid and
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Fig. 1 Basic problem.

the pin/plate interface as perfectly smooth. It is reported in
the literature that the effect of pin elasticity is negligible as
compared to the effects of the pin misfit and eccentricity.*'*

In the present analysis, a rectangular orthotropic plate
ABCD of size 2w x 2/, of uniform thickness ¢, with a hole of
radius ¢ on the middle line A’ D’ with-its center at a distance
e from one of the sides, for example, CD filled with a rigid pin
is chosen for the study (see Fig 2). The radius of the pin is
given by Eq. (1), which defines the misfit parameter A. De-
pending on the value of N, one gets various fits. A positive \
vielding interference fit, negative \ yielding clearance fit, and
zero A resulting in a neat or push fit. The origin of the
coordinate system is taken at the center of the pin, and the
axes are taken paraliel to the orthotropic axes of the material.
For simplicity the sides of the rectangle are made to coincide
with the orthotropic axes. Thus the loading on the pin and the
plate combination are symmetric about the X axis. Let the
total load on the edge CD be P, and on the edge, 4B be Py,.
The difference of the two loads is the load transmitted by the
pin and indicated as the pin bearing load and denoted by P,
resulting in the conventional bypass load problem. The gross
load equilibrium condition yields

P, = Py + Pl>/> (2)

A possible deformation pattern around the hole is also
shown in Fig. 2 with two regions of separations 26,, and 26,, at
F and E, respectively. Because of inherent symmetry in the
geometry and the loading, only one half of the region, for
example, AA’'D’D need be analyzed. In general in the region
of the analysis there could be two transition points, for exam-
ple, 7, and 7> on the hole boundary.

Method of Solution

Finite Element Formulation

As already mentioned the inverse technique proposed in the
literature®-19 is employed with the finite element solution tech-
nique for the analysis. The region of the analysis is modeled
with isoparametric four noded quadrilateral and triangular
elements. Since the pin is treated as rigid, only the plate is
analyzed with appropriate boundary conditions at the pin/
plate interface. The region around the close vicinity of the hole
is divided into finer elements with a large number (Nc) of
nodes on the hole boundary and element size is gradually
increased by reducing the number of nodes on subsequent
arcs. The region between the arcs with differing nodes is

Fig. 2 Feasible plate deformation.
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Fig. 3 Typical finite element mesh.

modeled by triangular elements. A typical finite element mesh
is shown in Fig. 3. The nodes on the hole boundary are
numbered from 1 at F to Nc at E. For ease of specifying the
boundary conditions on the hole boundary, the first ring of
elements are modified such that the inner node degrees of
freedom are taken in the radial and tangential directions. The
stiffness, displacement, and force matrices are appropriately
transformed before assembling in to the global matrices, and
the resulting equation may be written as

[K]11[a] = [F] 3)

where [K] is the global stiffness matrix, [A] is the nodal
displacement matrix, and [F] is the nodal force matrix. The
solution of Eq. (3) subjected to the necessary boundary condi-
tions yields displacement vectors and enables one to evaluate
the strains and stresses at any location of interest. The neces-
sary displacement boundary conditions are incorporated in the
conventional way.>?

Boundary Conditions

The relevant boundary conditions of the current problem
may be stated as

1) for nodes on the axis of symmetry,
Fe=0and U,=0
2) for all nodes on the hole boundary 1< i < Nec,
Fyi=0,
3) Ui=ak and F,; = 0 for i in the contact region,
F,=0and U,; = aA for i in the separation region (4)

The transition nodes 7; and 7> are treated as part of the
contact region. .

Inverse Technique

As already explained, in the inverse technique, one starts
with a feasible configuration and seeks the magnitude of the
causative loads. This is very economical when one is develop-
ing extensive parametric data or the design information for
new materials or geometric configurations. We shall now ex-
tend the procedure of the earlier inverse solutions®%9 for the
current problem. In the present problem, there are two transi-
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tion location, 7, and 7,. Since both locations are indepen-
dently specified, there must be two independent load parame-
ters in the problem which are to be obtained from the solution.
In the present case, we select P, and P, as two independent
loadings and treat them as unknowns of the problem for a
given misfit parameter A. For convenience the following
nondimensional parameters are defined,

o= P,/ QE\at N), B8 =P,/QE\atN)

v = Pu/QEar\)

s=(a/wYx =0 p,/(E\N), r=(a/w)

B =0, /{E\N) (5)

All the deformations are normalized with ¢ A. In the numerical
examples studied, 7, and 7, are made to coincide with the
nodal points of the finite element idealizations. Once T, and
7> are specified, all of the displacement boundary conditions
in Eq. (4) are known, and the corresponding solutions are
obtained for the specified loads.

Solution Procedure

Within the realm of linear elasiticity solutions, the stresses,
strains, and displacements of different solutions can be added
to obtain a new solution. Since the geometric configuration is
not changed, the general bypass loading on the intereference
fit pin in a plate is split into the following three basic loadings
Dr=0,s=1,andax=1;2)r=1,s=0,and e\ = 1;and 3)
r=0,s=0, and ¢\ = 1. The finite element model is solved
for the three basic load vectors represented by the three basic
loadings. Since we have specified 7, and 7, as part of the
contact zones, they satisfy the displacement conditions but not
the nodal force condition. From the solution of the finite
clement model tor the three load vectors, we get the influence
coefficients for the nodal forces in the radial directions at the
transition locations. They may be denoted as F,; (/ = 1,2 and
J=1,2,3); i refers to the transition location T or 7>, and j
refers to the load vector. The displacement vectors corre-
sponding to the three load vectors may be denoted by A
(i =1,2,3). For the loadings of r,s, on the plate edges, the
radial nodal force at the transition nodes may be written down
as

Foaqi=Ea—Fa)s + (Fax— Fa) r+ Fzakl (6)

The true loading for any specified 7, and 7> is the set which
satisfies the conditions F,;; to be zero.®'® This yields the fol-
lowing set of simultaneous equations viz,

Frn=Fn—F)s+Fn—Fp)r+Fi;ahv=0

Fr=(Fn—F23)s + (Fop—Fo)r + Fo3ah=0 @)

The solution of Eq. (7) yields r,s, values in terms of a\, and
the final deformation vector is obtained as

A=SA+rAs+{aN —r —s)A, (8)

Once the displacement vector A is known, the stresses and
strains in the whole field may be evaluated in the conventional
way.”” For the elements on the hole edge, the stresses are
transformed into the radial and tangential components and
are extrapolated to the nodal point locations using the trans-
formation matrix in the literature.'?

Qualitative Behavior of the Joint

We shall now discuss the behavior of an interference fit
joint in qualitative terms, for any specified 7, and 7, loca-
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Fig. 4 Behavior of interference fit pin joint: schematic.

tions, the solution of Eq. (7) yields a set of values r,s, repre-
senting the loadings on the two edges required to sustain the
configuration of transition locations at 7, and 7>. Equation
(7) represents two straight lines in the r,s, field (see Fig 4), and
their intersection point is the solution set r,s. These lines
represent the conditions of zero radial force at the nodes T3,
T,. Fixing the value of 7 and sequentially varying 7>, one gets
a number of solution points, and a curve through them would
represent the values of r,s, for a fixed 6, but varying #8,,.
Similarly by fixing 7> and sequentially varying T, one gets a
number of solution points, and a curve through them would
represent the values for a fixed 6,,. These are shown qualita-
tively in Fig 4. For 7> = N¢,8,-,=0and T, = 1 is 6,; = 0. Since
the configurations with either 7, =1 or 7> = Nc makes the
transition locations interior points, the configurations can
have nonzero force but must be compressive in nature. This is
highlighted for the case 7> = Nc¢. Since T, is now an interior
point, only F,y need be zero, but F,» must be greater than or
equal to zero. So the acceptable solutions of r,s, must lie on
the line representing the condition F,7; = 0 and yielding posi-
tive values for £,

For the case 7, =1 and 7> = Nc, the two lines of Eq. (7)
yield the boundary of the region of loading for which full
contact is maintained. This is shown as the quadrilateral
OABD in Fig 4. Fixing T, at 1 and varying 7> yields a set of
points through which a curve BF is drawn representing zero
.. In the region between the curve DBF and r axis 6, will
always be zero. Consider a point B, on the curve DBF repre-
senting some separation angle .. For this configuration the
condition F,s» = 0 results in the line B4, where 4, gives the
value of r for zero s. A constant #,, line above DBF will be
curved line B,C,. Similarly for 0, =0, one gets the curve
ABC. In the region of loading between the s axis and ABC, 6§,
ts always zero. For the loadings in the region CBF, it will
result in two separation regions. By generating a number of
solutions for different combinations of 7, and T,, locations
contours of constant separation angles can be drawn resulting
in a nonlinear grid system.

The behavior of an interference fit pin joint under specified
bypass load ratio can now be studied very easily. Let the
bypass load ratio & be defined as

k=s/r=P,,/P, 9)

Thus with the increase in magnitude of P,, we get a straight
line with a specified slope in Fig 4. Leg OG be one such line
intersecting DB at Gy and DB, at G, etc. When the loading
situation is such it is within OG,, there will be full contact.
When P, further increases to Gy, there is contact at F, but
there is separation at £ corresponding to the contour value of
A\B,. Similarly if P, is smaller than P,,,, we get the line OH
along which 6., is zero, and 6, grows with the load beyond
OH,. If P, and Py, are such that the point lies in the region
CBF, one can read or interpolate values from the grid values.
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So from a given geometry and material, a graph similar to that
of Fig. 4 is obtained, and the configuration for any load
combination can be easily interpolated. Once P, and P, and
T, and T- locations are known, the pin bearing load can be
obtained easily from the overall equilibrium condition as

P/,,- = Pu - Pl)p (10)

One can then obtain a complete stress and deformation
pattern. The negative P, in Eq. (10) implies reversal in the
direction of the pin load direction.

Numerical Studies

The material properties used in numerical examples are
given in Table 1. The numerical values of material 1 are taken
from Ref. 17, the values of material 2 are taken from Ref. 8,
and those of material 3 are taken from Ref 23. Material 3 is a
unidirectional lamina of graphite epoxy (T300/N5208). The
material strength properties for material 3 given in Table 2 are
taken from Ref. 23. To check the numerical accuracy of the
present method, the results of Ref. 8 are reproduced in terms
of the plate stress for the initiation of separation for the
interference fit pin, and obtain the nondimensional loud pa-
rameter as .17769 as against .1788 in Ref. 8. The agreement is
good; the deviation is less than 1%. The reason for this could

Table 1 Elastic properties used in the numerical examples

Mat. No. E. E. GA\'_r Py
GPa GPa GPa

17 24.2 102.0 11.2 0.1044

28 276.1 55.32 32.89 0.2278

33 181.0 10.3 7.17 0.28

“Properties refer to basic lamina.

Table 2 Strength properties of material Carbon Fiber Reinforced
Plastic T300/N5208

X X' Y Y’ S
MPa MPa MPa MPa MPa
1500 1500 40 246 68

B= Pa/(2Elat)), w/a=4,Mat.1, A=.01

7
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Fig. 5 Angle of separation vs §.

ro = Pa/(2E1wth), w/a=4, Mat.1, A=.01
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Fig. 6 Angle of separation vs 1/r.
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be attributed to the differences in the finite element modeling.
Also the square plate studied by Eriksson'” (material 2,
w=12,a=3,and A\ = — 0.01) is analyzed with 97 nodes on
the hole, and the results of the pin load reacted at one edge
with a specified misfit is evaluated for different contact an-
gles. The nondimensional variation with different separation
angles is presented in Fig. 5. In Fig. 5 the positive and negative
regions of the curve represent the interference fit and clear-
ance fit of the same magnitude of A. It is seen that the two
regions are mutually exclusive. The information in this figure
is replotted in Fig. 6 in a modified form. The reciprocal of the
load parameter is used in Fig. 6. It is seen that the two
branches of the curve combine smoothly. The intersection of
the curve with the horizontal axis may be referred to as push
fit angle 8, signifying zero misfit. Thus for the push fit pin
joint the angle of separation is independent of the load magni-
tude and is a linear problem. This confirms the findings of
Noble and Hussain.! Our technique gives a method of estimat-
ing the push fit angle for any material and geometry. The
analysis of the square plate example of Eriksson yields the pin
bearing load of 11.04 kN for 7> equal to node 45 and 7.15 kN
for T, equals node 44. For these cases the normalized stresses
are shown in Fig. 7 along with those from Ref. 17. The results
of Eriksson!” are for loads of 12 kN and 6 kN, respectively. It
seen that the semicontact angles for these two cases are 73 and
78.4 deg, respectively. The corresponding contact angles
derived from our result of Fig. 6 are 77.54 and 81.3 deg,
respectively. The contact angles of Eriksson is obtained by
iteration and the values are approximate and dependent on the
mesh size. Figure 7 also shows that the maximum radial stress
obtained in our results and that given by Eriksson are of the
same order. The variation of the hoop stress around the hole
is shown in Fig. 8. It is seen that the maximum hoop stress
occurs in the region of transition from contact to separation.
Also on the hole edge away from the pin bearing location, the
hoop stress changes sign and becomes compressive. The
method is next applied to the problem of the rectangular plate
with an eccentric pin and a square plate with a central pin. The
rectangular plate is made of material 2, and the square plate is
made of material 1. For these examples the loadings for the
various configurations are plotted in Figs. 9 and 10. These
quantitative figures confirm that for the major region of load-
ings of bypass nature, one finds a single region of separation
resulting in one transition point,

wfa=4, X =-.01, Mat.1

a P=TISKN
0S|

e P=1104kN
+  Ref[17}6kN
s Refi17] 12kN
0.0 L + L
0 15 30 45 69 75 90
Theta (deg)

Fig. 7 Radial stress for different load levels.

2
8
8
[5)
L
B
“ 0 a P=T7I5KN
e P=1104kN
1 L L N R L
0 30 60 90 120 150 180
Angle Theta.(deg)

Fig. 8 Normalized hoop stress for two loads.
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Fig. 9 Eccentric pin: «, 8 variation for different configurations.
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Fig. 10 Square plate central pin r, s for different configurations.

Joint Strength Evaluation

It is seen from Figs. 9 and 10 that to sustain a given config-
uration with one transition location the loadings on both sides
of the plate have to satisfy a linear relationship of Eq. (7). So
when the configuration is maintained, the internal stresses and
strains can be related to external loadings by a linear equation.
This aspect can be exploited to evaluate the strength of the
joint by estimating the critical load for a given configuration.
This is explained in the next paragraph.

Let A,B, of Fig. 4 be the loading systems for a given
configuration. The loading on this line satisfies the relation,

r=ry+Ds (1)

where ry; and D are constants for a given configuration. Sub-
stituting this into Eq. (8) and simplifying one gets the expres-
sion for the displacement vector as

A=Ay +As (12)

where

Ag=(aN—ry) Ay + 1o Ay
A\ = A] + DA: - (1 + D)Az

For a given joint, once the misfit parameter \ is specified, 4
and A, can be evaluated, and they are constants for a given
configuration. When the stresses are normalized with E}\ and
the displacements in terms of misfit ¢ A, they become constants
for any specified 7T,, 7>. These terms do not vary with A. So
the strains evaluated from displacements of Eq. (12) will result
in two components, one due to A, and the other due to A;.
These may be interpreted as residual strains ¢; and mechanical
strains ¢/, respectively. Following the method of quadratic
criterion for the maximum mechanical strains with fixed resid-
ual strains, one can obtain the critical value of s as R” for a
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given location and lamina and misfit parameter. For com-
pleteness the method is briefly described below. The quadratic
stress criterion is

Fjo .0+ Fioi=1 (i=1,2,6) (13)
F are the strength functions of any given laminate as defined
in Ref. 23. Expressing this equation in terms of strains and
separating them into the residual and mechanical strains, one
gets the modified equation as

Gii (R™e!' + R" ¢) (R"€)! + R'€})
+ G (R" e + R &)—1=0
€™ = R™e!" + Rre; (14)

where G; are functions of F and the laminate stiffness proper-
ties R™ is the mechanical strength ratio from which the maxi-
mum mechanical load can be computed for fixed residual load
or strain; and R’ is the residual strength ratio for fixed me-
chanical load or strain.

Since the residual strain is evaluated for a specified A, and
we are interested in calculating the maximum mechanical load,
we take R” = 1 and evaluate the maximum allowable — R".

Taking R" = 1, Eq. (14) can be simplified as

AR +BR"—1=0.0 (15)
Where A ,B are functions of ¢” and ¢ for a unit mechanical
load and specified aX. Solving Eq. (15), one obtains the value
of R, the measure of critical mechanical load at a given
location.

The strength of the joint corresponds to the least value of
R’ in the whole field. This is evaluated using the method of
Soni.!” The procedure is described below. For each element
around the hole, the value of R™ is evaluated independently
for each ply. The least of this set corresponds to the first ply
failure at that element. Since this will be highly conservative,
the maximum R value for each element is considered. This
would correspond to the last ply failure at an element ignoring
the degradation of the element stiffness due to any failed ply.

Thus for each of the elements around the hole, a critical
value of R™ is evaluated. From this set of R values, the least
one is considered to be the critical value of the hole joint
R"™.,. This value of R yields the limiting values of r,s along
AB) in Fig. 4. By repeating the process with different transi-
tion locations, one can get a contour of limiting loadings in the
whole field. If one changes the value of the misfit parameter A,
the initial strains change, and hence the critical r,s values, and
a new critical loading limit is obtained.

If the critical loading set (r,s) corresponding to R, is such
that it is in the region CBF’, one must solve the problem with
two transitions, and the assumption of geometry invariance is
violated. But the values of r,s obtained by this procedure may
be taken as a first approximation. This procedure is applied to
a square plate with material 3 with a central pin, and the
results of critical loadings are shown in Fig. 11 for different
misfit parameters. The laminate used in this example consisted
of material 3 having 6, 69, 12.5, 12.5% layers in 0, 90, + 45,
and — 45 deg orientations, respectively. Figure 11 shows the
effect of the misfit parameter on the joint strength. The values
of N used in these results are 0.00005, 0.000025, and 0.00001.
These are fractions based on Eq. (1). For low A\ values ap-
proaching zero, results in the push fit joint, The limiting
values for this case falls in the region CBF. So for the push fit
joint with high bypass loads, the critical loading is likely to be
in the two transition point region. It is seen higher; the misfit
parameter value lower is the critical load boundary. This
results confirm the basic concept, the higher the initial strain,
the lower the mechanical loadings will be at failure. The
results of Fig. 11 can be used to get critical load for any bypass
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r=Pa/(2E1wt}), s=Pbp/(2E1w1t})
Mat.3a, w/a=3

M0

A=.00001

000023

rorrerit
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§or s crit

Fig. 11 Critical load envelopes for different misfits (example 1).

w/a=4, Mat.3b

Pa/(2E1wAt) or rcrit

r

s=Pbp/(2ET1wtA) or s crit

Fig. 12 Critical load envelopes for different misfits (example 2).

load ratio (value of k). Once k is specified, draw a line from
the origin with the slope of 4. The limiting value of r,s is at the
intersection of this line with the critical load boundary. Thus
this figure can be used for estimating the critical load for any
specified & and used for design purposes. The same plate is
analyzed with the interchange of x and y axes and referred to
as material 3b, and the results are presented in Fig. 12. The
strength envelopes are plotted for misfit parameters of
0.00005, 0.000025, and 0.00001.

Conclusions

A method of strength evaluation of a pin joint subjected to
bypass loads accounting for proper interface conditions and
consequent nonlinear behavior is successfully developed. The
use of inverse technique which allows the proper specification
and satisfaction of pin/plate interface conditions to solve the
problem of bearing bypass loads on the pin joints is demon-
strated. With minimal effort the variation of configuration for
the complete range of loading is generated, and the results are
economically presented. The method helps to economically
generate the strength envelopes and to use them for the initial
design purposes.
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